HALF TWISTS AND THE COHOMOLOGY OF HYPERSURFACES 
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' Abstract. A Hodge structure V of weight k on which a CM field acts defines, under certain 

. conditions, a Hodge structure of weight fc — 1, its half twist. In this paper we consider hyper- 

bJO' surfaces in projective space with a cyclic automorphism which defines an action of a cyclotomic 

^ . field on a Hodge substructure in the cohomology. We determine when the half twist exists and 

I relate it to the geometry and moduli of the hypersurfaces. We use our results to prove the 

. existence of a Kuga-Satake correspondance for certain cubic 4-folds. 

(N 

o 

< ^ 

■ no element of K has complex conjugate eigenvalues on V^''^, one can associate to it a polarized 
^ ' Hodge structure V1/2 (the half twist of V) of weight k — 1 with the same underlying vector 

space. This half twist depends on the choice of a CM-type for K and was defined by one of us 
in 0. It has the property that there is an inclusion of Hodge structures V1/2 C V ^H^{Ak) (up 
to Tate twist) where Ak is an abelian variety with CM by K. The Hodge conjectures translate 
^ I into interesting problems on the geometry of varieties having Hodge structures which allow a 

■ half twist, some of which we consider in this paper. 

QQ ■ The half twist is also related to Kuga-Satake varieties. In case V has weight 2 with V"^'^ of 
O '. dimension 1, Kuga and Satake define an abelian variety KS{V) such that H^{KS{V)) is 
^ ' the even part of the Clifford algebra of the polarization of V. They show that \^ is a direct 
summand of {K S (V))^"^ . If an imaginary quadratic field K acts on V then V1/2 and H^{Ak) 
are direct summands of H^{KS(y)) and V C Vi/2®H^{Ak) (see [|] where the other summands 
are also determined). The half twist is thus a partial (it exists only when a CM field acts on 
V) generalization (it works for any weight) of the Kuga-Satake construction. 



> 



Introduction 

Given a rational Hodge structure V of weight k with an action of a CM-field K such that 



O 

s 

, ^ ■ The half twist is also implicit in the work of Kondo |T0| on K3 surfaces which are degree 4 
^ ■ covers of totally branched along plane quartics. These come with an action of Z/4Z and 
^ ! the transcendental part V of H^{S) is a vector space over the field Q(i). Kondo shows that 
the moduli space for such V is isomorphic to the moduli space of certain weight one Hodge 
structures V on which the field Q(i) acts. In fact V is V1/2, the half twist of V. The moduli 
space for V is a quotient of a 6-ball and Kondo proves that the moduli space of curves of genus 
3 is birationally isomorphic to this ball quotient. In the same paper, Kondo makes a similar 
construction for the moduli space of curves of genus 4. Kondo's work was motivated by results 
of Allcock-Carlson- Toledo []T|, ^ who produce a complex hyperbolic structure on the moduli 
space of cubic surfaces by using cubic threefolds which are triple covers of totally branched 
along a cubic surface. 

The half twist also appears in the study of variations of Hodge structures. The families 
of weight two Hodge structures considered by Carlson and Simpson in are obtained as 
(negative) half twists of families of weight one Hodge structures with a Q(-\/^)-action. 
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In this paper, we consider hypersurfaces Yk of degree d > 3 and dimension > 1 in P'^+^ 
which are (i-fold covers of totally branched along hypersurfaces Xk-i of degree in P'^. Such 
hypersurfaces come with an action of Z/rfZ. Letting o" be a generator of Z/dZ, we define V as 
the part of the co homology of where the eigenvalues of a are primitive d-th roots of 1. Then 

V is a vector space over the cyclotomic field K of d-th roots of unity. We will fix a CM-type 
Sq of K in ^.11 which is optimal for the examples under consideration. That is, if V has a half 
twist for some CM-type, then it has a half twist for this CM-type. 

We determine which V allow a half twist. If V does not have maximal level (i.e. if V^'^ = 0), 

V has a half twist. It is then also interesting to see if V{q), the Tate twist of V whose level 
is equal to its weight, has a half twist. In theorem we determine the values of d and k for 
which the half twist of V{q) exists. 

In case V1/2 exists, we would like to have it as a Hodge substructure of the cohomology of a 
'nice' algebraic variety. A basic result on half twists (cf. Proposition |1.6|) implies that 

Vi/2(-l) C H\Yk) ® H\Ak) C H^^\Yk X Ak) 
where Ak is an abelian variety with CM by K. We find two nicer varieties: 

Theorem (cf. |3.4| ). Let Yi be the Fermat curve of degree d. 

1. There is an embedding H^{Ak) ^ H^{Yi). So if V1/2 exists, then 

^i/2(-l) C H\Yk) ® H\Y,) C H'+\Yk x Y^). 

2. Let Zk^i be the rf-fold cover of W^^^ totally ramified along Y^. If V1/2 is exists, then 

V,/2{-l) C H',+\Z,^^). 

The second part of the above theorem follows from the first part and work of Shioda. 
Since Vi/2(— 1) is not of maximal level in HQ~^^{Zk+i) and H'^^^{Yk x Yi), the general Hodge 
conjecture predicts that Vi/2 is a Hodge substructure in the cohomology of subvarieties of 
codimension one of Z^+i and 1^ x Yi. We don't know how to find such a subvariety except in 
a few examples (cf. P] for the case of Calabi-Yau varieties). 

A different and equally interesting type of question is a Torelli type problem: to what extent 
does the half twist V1/2 determine X^-i'^ In Section || we prove 

Theorem (cf. |7.4| ). Suppose d = 3, k > 3 and V{q)i/2 is well-defined, i.e., by Theorem 
P^ , k = 3q + 1. Then the differential of the period map which to X^-i associates V{q)i/2 is 
generically injective. 

An important application of our results is on Kuga-Satake correspondances. For a Hodge 
structure V of weight 2 with V"^'^ of dimension 1 there is the inclusion of Hodge structures 

V C {K S (V))'^'^ . Supposing \^ is a Hodge substructure of the cohomology of a variety S, 
the Hodge conjecture asserts that this inclusion is induced by a correspondance on the product 
of S and KS{V)'^. We have 
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Theorem (cf. |5.2| , |5.3| ). There exists a Kuga-Satake correspondance for the weight two 



Hodge structure V = Hq{Y4){1) where Y4 is a triple cover of P^* branched along a (general) 
smooth cubic threefold. 



This generalizes a result of Voisin |T^ . Theorem [5.2| and Corollary |5.3| below also apply to 
the quartic surfaces considered by Kondo and may have applications to more general situations 
involving the half twist. 

1. Polarized rational Hodge structures with automorphisms. 

1.1. We recall the basic results on half twists from |^. 

1.2. Definition. A (rational) Hodge structure of weight k (g Z>o) is a Q-vector space V with 
a decomposition of its complexification Vc '■= V ®q C (where complex conjugation is given by 
V ® z := V ^ z for V E V and z G C): 



Vc = ®p+,=kV^'', such that VP''^ = V'''P, (p, gGZ>o). 

Note that we insist on p and q being non-negative integers throughout this paper, so we only 
consider 'effective' Hodge structures. 

1.3. CM-type. Recall that a CM-field K has 2r = [K : Q] complex embeddings K "—>■ C which 
are pairwise conjugate and that a CM-type is a subset {ai, . . . , 0"^} of distinct embeddings with 
the property that no two are complex conjugate. Hence if we define embeddings ar+i{x) := ai{x) 
then any embedding of i^' in C is a aj for some j, 1 < j < 2r. 

1.4. Half twists. Let ^ be a Hodge structure of weight k on which a CM-field K acts and let 
S = {(Ti, . . . , ffj.} be a CM-type. The eigenspaces of the i^-action on the VP''^'s are denoted by: 

■={ve VP''' : XV = aj{x)v ^x e K}, 1 < J < 2r. 

We define two subspaces of Vc whose direct sum is V^''^: 

Vr:=®UVr, V^'" := ©Li K^- 
We define the Hodge decomposition of the negative half twist of V (w.r.t. S) by: 

VP[)^ := Vf-''" © VP''-\ 

It is not hard to see that this is a Hodge structure of weight k + 1 on V. By successively 
performing the negative half twist one obtains V-n/2, a Hodge structure on V of weight k + n. 
However, half twists do not give Tate twists: V-2m/2 7^ V{—m). Half twists and Tate twists are 
compatible in the sense that (K)(^) = iV{b))a for all a G (1/2)Z and 6 G Z. 

A classical example is obtained by taking V = K, with the trivial Hodge structure V^'^ = Vc- 
Then = H^{Ak, Q) for any abelian variety Ak of dimension r with CM by K and CM- 

type E. 
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1.5. Positive half twists. To define the (positive) half twist one would put: 

This works if V^'^ = 0. However, if V^'^ ^ 0, then the subspaces V^'^ and V^^ of Vc do not 
appear in (Vl/2)c and therefore this definition does not define a Hodge structure on V (and in 
general not on any Q-subspace of V^. One can define the half twist of V only if = (the 
complex conjugate of this space is V^' which is then also 0). So one needs the eigenvalues of 
any a; G -ft' on V^'^ to be in the set \a{x)\a&.- The following proposition shows that half twists 
appear naturally in certain tensor products. 

1.6. Proposition. (See |^.) Let V be a Hodge structure with CM by K and fix a CM-type 
E of K. Then we have an inclusion of Hodge structures (both of weight /c + 1): 

y_l/2 C \/ ®Q i^_i/2, 

given by: 

^-1/2 = {w G ®Q K_ii2 : (x ® \)w = (1 (g) x)w Vx G fC} . 

Similarly, if V admits a positive half twist, the Hodge structure l^i/2(— 1) of weight — 1 + 2 = 
/c + 1 is a Hodge substructure oiV ® K_xi2- 

Vi/2(-l) = {w G V ®Q K^xi2 ■■ {x ® l)w = (1 O x)w yx e K}. 

2. Generalities on Hodge structures of hypersurfaces 

2.1. The Hodge substructure V. For a smooth {k — l)-dimensional hypersurface Xk-i of 
degree d 

Xk-i := Zeroes{Fd{xo, ... , Xk)) (c P'^), 
the cyclic rf-fold cover of P'^ branched along Xk_i is the smooth /c-fold defined by 

Yk := Zeroesixt^, + Fd{xo, ... , Xk)) (C P'^^^). 

We denote by the automomorphism of order d defined by 

ttfc : Yk — > Yk 

(xo : . . . : Xfc : Xfc+i) i — > {xq : . . . : Xk : C^k+i) (C = e^''*/'^). 

The action of on HQ(Yk, Q) makes this space a Q[T]/(T'^ — l)-module. We will denote by 

V-^H^{Yk,Q) 

the largest subspace on which the eigenvalues of al are primitive (i-roots of unity. If c? is a 
prime number we have V = H^lYk, Q). The restriction of al to V is denoted by a: 

a := {al)\v : V V. 

The subring K := Q[q;] of End{V) is isomorphic to the field of d-th roots of unity. The complex 
embeddings of K are: 

with a G {Z/dZy. We define the CM-type Sq for K by: 

So := {(^a}o<a<d/2- 
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All half twists throughout this paper are taken w.r.t. this CM-type. Thus V has a half twist 
(w.r.t. So) if and only if all eigenvalues of a on V'''^ are in the set {cra{()}o<a<d/2- 

We will often identify K with Q(C) via cti. With this convention, Proposition [L^ implies 
that the half twist, when it exists, may also be defined via: 

Vi/2{-l) = {w eV^Q K_i/2 : (a O C)w = w} 

since 1 ^ = (1 C)""*^- We observe that if the half twist exists, then the eigenvalues of a ^ ( 
on V''''^ (-ft'_i/2)^'° are contained in {cra{() ■ o'b{C)}o<a,b<d/2, so none of these is equal to 1 and 
hence V1/2 is indeed an 'effective' Hodge structure of weight k — 1. 

We now review the basic results on Hodge structures of hypersurfaces and the action of 
automorphisms on their cohomology and apply them to V. 

2.2. Hodge numbers. The Hodge numbers of a degree d hypersurface Xj. in P*^+i can be 
calculated using Griffiths residues (see page 44): 

H'^-i,i^Xk) = {^^{d{q + l)-k-2) 

where J is the jacobian ideal of X^, i.e., the ideal generated by the partial derivatives of an 
equation for Xk. 

2.3. Automorphisms. We compute the dimensions of the eigenspaces in the primitive coho- 
mology 

H',-'^^\Yk){i) := {x e Ht'^^Yu) : alx = Cx } 
where is the automorphism of defined in above. The following lemma is an immediate 
consequence of a result of Shioda (cf. Theorem I). 



2.4. Lemma. Let J' be the Jacobian ideal of G C[xq, . . . ,Xk]- Then we have: 

-a 



(n)w = /^° (^(% + i)-fc-i-^) 



Proof. According to Izj, Theorem I, the dimension of the eigenspace is given by the number 
of {k + l)-tuples ao, . . . , with 1 < < d — 1 such that {ao + . . . + ak + i)/d = q + 1. Moreover 
/iQ~'^''^(yfc)(i) = if i = hence we take 1 < i < d ~ 1. Writing bj := aj — 1, so < bj < d — 2, 
we get bQ + . . . + bk = d{q +1) — /c — 1 — i. To each such {k + l)-tuple we associate the monomial 
, which is homogeneous of degree d{q + 1) — fc — 1 — z and has no variable to power 
> d — 1. Since these dimensions are constant in families of smooth hypersurfaces, we may 
assume that -Fd = I] and we obtain the desired equality. □ 

2.5. The half twist for V . Since V is the subspace of HqIY^, Q) on which the eigenvalues of 
al are primititive ci-th roots of unity, we have: 

In case V'^'^ = 0, the half twist of V always exists. It may happen that V1/2 has higher level 
than V (for example, a cubic surface I2 has Vc = V^'^ and thus level 0, but V1/2 has weight 
one and hence has level 1). In case V'''^ = 0, we will therefore also consider the Tate twist V{q) 
of V with q choosen such that y'^"?-'? ^ but V^"''^ = if m > A; — g. Then V1/2 has lower level 
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than V exactly when V{q) has a half twist. Recall that all our half twists are for the CM-type 
So fixed in |2.1|. 



2.6. Theorem. Let Yk be a hypersurface of degree d in P'^+^ as in Section 2.1 
Define q G Z>o and t by: 

k = qd + t with t e {-1, 0, ... d-2}. 
Then HQ^'^''^(Yk) is the 'extremal' summand of -ffgl^fc^CI), i.e., 

^o"'''(n) 7^ 0, K\Yk) = Q \iu>k-q. 

The Tate twist V{q) of the Hodge substructure V of H^lYk, Q) has a half twist if and only if 

1. either d ^2 mod 4 and: 

d-A 

t > , 

2 ' 

2. or d = 2 mod 4 and 

d-6 
t > ——. 



Proof. The integer q is the smallest nonnegative integer for which Hq ^'''(1^) 7^ 0. Therefore 



by the formula for the Hodge numbers of Y^ (Section |2.2| ), we have that q is the nonnegative 



integer such that d{q + 1) — k — 2>0 and dq — k — 2 < 0, i.e., q is the integer satisfying 

k + 2 

q < — r- < ? + 1- 

d 

Now it is clear that k = qd + t as in the statement of the proposition. 

We show first that dimifo~^''^(^fc)(^) ^ dimifo~''''^(^fc)(^ + !)■ This implies that if V has 
a half twist, then it has a half twist with the CM-type Sq = {<ya}o<a<d/2,ae{z/dz)* ■ Put a = 



d{q + 1) - k - 2 = d - t - 2. Recall that (Lemma |J) 

ht'''\Y,m = h' (^(a+1-.)). 

We may assume that J' is generated by Xo~\ . . . ^x'jr^, and then H'^{{Opk / J'){a + 1 — i)) is 
spanned by monomials Xq° . . . x^^ with Q-j = a+l — i and aj < d—2 for all j. Since a = d—t — 2 
and —l<t<d — 2, multiplication by Xk induces an injection 

Ht'''{Yk){z + l)^Ht''''{Ykm 

except if a = d — 1 and i = 1. In this last case we can define a different map which is also 
injective: we send to Xq~'^xi and we send all other monomials to their product by Xk. This 
inclusion is not surjective except when d = 3 and A; = 2, in which case q = 1 and V{—1), of 
weight 0, does not have a half twist. 

Next V{q) has a half twist, for our choosen CM type Sq, if and only if HQ^'^''^(Yk){i) = for 
i G (Z/dZ)* and d/2 < i < d. Using that these eigenspaces get smaller as i gets bigger, we find 
that V{q) has a half-twist if and only if /iq ''''^(Vfc)(j) = where j G (Z/dZ)* is the smallest 
unit with j > d/2. 
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If (i = 2e with e even or d = 2e + 1, the smallest unit in (Z/dZ)* larger than d/2 is 
e + 1 e {Z/dZy. Therefore V has a half twist if and only if hQ~'''''{Yk){e + 1) = 0. This is 
equivalent to a — e < 0, that is, if d = 2e with e even: 

d- A 

(rf - t - 2) - < t > 

and the same result holds if d = 2e + 1. 

If d = 2e with e odd, the smallest unit in (Z/dZ)* larger than d/2 is e + 2, hence V has a 
half twist if and only ifa — e — 1<0, that is: 

{d-t-2)- {d/2) - 1 < t > ^Lll, 

□ 

2.7. Corollary. Let Yk have degree d. Then V C H'^{Yk, Q)o has a half twist if and only if 

either d < 2k + A and A; = mod 2, 
or d <2k + 4 and /c = 1 mod 2. 



Proof. If < A; + 2, then V'^'^ = and, as we saw in pl5| , has a half twist. Else k < d — 2 
and we have g = and t = k. Therefore V has a half twist if and only if either k > [d — A)/2, 
that is d < 2k + 4, or d = 2 mod 4 in which case k > {d — 6)/2 hence d < 2k + 6. In the last 
case we must actually have d < 2k + 4 with equality only if k is odd. □ 

3. The half twist of a cyclic cover 



3.1. Cyclic covers. In Section we defined a Hodge substructure V C HQ{Yk, Q) which has 



CM by the field K of d-th roots of unity. In case V has a positive half twist V1/2, we saw in 



Proposition |1.6| that we have an embedding 

V^i/2(-l) CV® C H^{Yk, Q) ® ir_i/2. 

Recall that ak is the automorphism of Y^ = Zeroes{xf_^i + -Fd(xo, . . . , Xk)) defined by 

ak : Yk — > Yk, {xq : . . . : Xk : Xk+i) 1 — > (xq : . . . : Xfc : (xk+i) 

where ( = e^'^*/'^. In particular, the Fermat curve Yi has the automorphism ai (taking : = 
Xq + xf). 

The following lemma shows that we have a geometric realization of the half twist: 

V,/2{-l) C H^{Yk, Q) ® H\Y,, Q) c H''-'\Yk x Fi). 
3.2. Lemma. The Hodge structure K_i/2 is a Hodge substructure of H^{Yi, Q). 

Proof. On the Fermat curve Yi defined by X2 + xf + Xq consider the automorphism 

7 : ^1 — ^ ^1, {^0 ■ xi : X2) 1 — > (xq : C^Xi : Ca;2)- 

The holomorphic one forms on Yi are the yi 1/2^1/2 (where we put yi = ^), with < 
a + b < d — 3 and a, b > 0. The 7-invariants have —a + {d — 1) + b + 1 = mod d, that 
is a = 6 mod d. Hence the possible values for (a, 6) are (0,0), (1,1),... , ([^^], [^^])- In 
particular h\Yi,Q)"' = 2[^] and the eigenvalues of al on H^'^iYi^ are C, C^ • • • , (^'■'^'^^^^^ ■ 
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Since af = 1 and ai commutes with 7, the space H^(Yi, Q)'^ is a Q[T]/(T'^ — l)-module (via 
T I— >• ai). The eigenvalue ( has multiphcity one, hence H^{Yi,Q,y has a unique submodule 
M isomorphic to K = Q{(). As a Hodge structure, M ^ since both have the same 

CM-type. This concludes the proof of the lemma. □ 

3.3. In fact we have a better result which will allow us (see below) to embed Vi/2(— 1) in 
H''+\Zk+uQ) where 

Zfc+i := Zeroes{xt^2 + 4+i + Fd{xo, • • ■ , Xk)) (C P^+^). 



3.4. Theorem. With the notation of |2.1| and |3.1| , assume that the half twist V1/2 of the Hodge 



structure V (c H^{Yk, Q)) exists. Let W be the Hodge substructure of H^{Yk, Q,)®H'^{Yu Q) 
on which the automorphism jS := (a^, al) acts trivially: 



W:= [H^iYkM)^H\Y,,Q)^ 
Then there is an inclusion of Hodge structures of weight k + 1: 

^i/2(-l) ^W= {H^{Yk, Q) ® H\Yi, Q)^ 

Proof. We have that 

W= (y®/C_i/2)^^^ ©... . 



Since P{v) = {al (g) al)v for v E H^(Yk, Q) H\Yi, Q) we also have: 
/3{v) = V if and only if {al ® l)f = (1 ® 

hence, by Proposition |L6| , we have (^V ® K^i/2y^^ = Vi/2(— 1) and thus Vi/2(— 1) C 14^. □ 

We have the following immediate consequence of results of Shioda. 

3.5. Proposition. (Shioda.) The primitive cohomology of Zk+i has a direct sum decomposi- 
tion 

H^-'^Zk+i, Q) = Ht\Xk-u Q)(-l)®('^-i) © W. 

Proof. In the case of Fermat varieties the direct sum decomposition of HQ^^{Zk+i,Q,) is 
proved in [|^, Theorem II and it applies in this case as well since we deal with a topological 
property. □ 

3.6. Corollary. We have an inclusion of Hodge structures of weight k — 1: 

i/o^-i(Xfc_i,Q)®('^-i)©ri/2 H^^\Z,+„Qm- 



Proof. Immediate consequence of 3.5 and 3.4. □ 



We could then ask whether we can have 

^l/2(-l) = W. 

The following dimension computation shows that this is the case if and only if li = 3. 
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3.7. Lemma. For all k > 2 we have the identity 

/ig+i = (rf - + (rf - 2)/^^. 

where is the dimension of the primitive cohomology of a smooth /c-dimensional hypersurface 
of degree d in P'^"'"^. Therefore, by Proposition |3.5| 

dimly = {d-2)h^o- 



Proof. It suffices to prove that Hq'^^ = (d — l)/io^^ + (d — 2)/iq for special hypersurfaces 
which are cychc degree d covers of P'^ totally ramified along a degree d hypersurface Xfc„i. 
Then the Zeuthen-Hurwitz formula gives 



XtopiXk) = rfXtop(P^) -{d- l)xtop{Xk-i) 



or 



k^\^{~\Yhl = d{k\\)~{d-\){k-ry-., ..Q J 
or 

{-!)% = id-l)il-i-l)'-%-'). 

From this we calculate 

+ (_l)^'(rf_2)/ig = {d-l){l-{-l)''h'^) + {-l)''{d-2)h^Q 
= (d-l)-{-lfhl 

= {d-l)-{d-l){l-{-l)''-'ht') 
= {d-l){-l)'''ht\ 

multiplying by (— l)^"*"^ gives the desired result. □ 

3.8. Cohomology of cubics. In case Yk has degree 3, we have V = HQ{Yk,Cl). Since for 
/c > 1 we have V^'^ = 0, its half twist exists and |3l^, KM and imply that 



To see for which values of k we can apply a half twist to V{q), we apply Theorem and find 
that k = 3q + 1. In that case we have hQ~''''^{Yk) = 1. 



3.9. Cohomology of Quartics. In case has degree 4, Theorem |2.(j| with d = A shows that 
the Hodge substructure V{q) C H^{Yk, Q) has a half twist if and only if A; = 4g + 1 or 4g + 2. 
In case = 4g + 2 we have dim V^'^"'^''^ = /io~^''^(^fc) = 1- From Corollary |2.7| it follows that V 
has a half twist for any k (in fact V'^'^ = for k > 2). We have: 

3.10. Lemma. The Hodge structure W splits as follows: 

W{1) = v,f, © (v^' ® ir_i/2) , 

where V C H^^Yk, Q) is the Hodge substructure on which ak acts as —1. Therefore by 2]5| 
H^+\Zk+i, Q)(l) = Ht\Xk.u Q)®3 © V®1 © {V © K^^/2 
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Proof. We have H^{Yk,Q) = V ® V and H\Yi,Q) ^ K^^^^^ because the action of on 
if^'°(Yi) has eigenvalue i with multiphcity 2 and eigenvalue —1 with multiplicity 1 (the (— 1)- 
eigenspace is a copy of K_i/2, using permutations of the coordinates one finds the other two 
copies). Hence: 

W = {H^iY,, Q) ® H\Y,, Q)y^^ = V,% © {V K^,/^) . 

□ 



4. Surfaces. 

4.1. We consider surfaces Y2 C P'^ of degree d. The Hodge substructure V C iJ^(F2,Q) has 
a half twist if and only if d < 8 (see Corollary |2.7| ). We briefiy discuss various cases. 



4.2. Quartic surfaces. We study the case = 4 in some detail since it is related to recent 
work of Kondo |10|. Start with a curve C := Xi (c P^) of degree 4. The surface Y2 is a K3 
surface, in particular if (1^2) = 1- The primitive cohomology of a general I2 decomposes into 
the direct sum of its transcendental part V and its algebraic part A^5'o(12)q: 

Hl{Y2, €l) = V® NSo{Y2)ct, dimq V = 14, dimiVS'o(F2)Q = 7. 



Kondo |Ty] proves, (using the Torelli theorem for K3 surfaces) that the map C 1— > Vz defines 



an injective morphism from the moduli space of non-hyperelliptic curves of genus 3 to a 6-ball 
quotient and studies its extension to hyperelliptic curves of genus 3 and to nodal plane quartics. 
This ball quotient is a moduli space of abelian varieties of dimension 7 with (l,6)-action by 
K = Cl{{). 

Kondo's construction can also be done with half-twists: We can apply the half twist to the 
transcendental part V . The Hodge structure V1/2 is of weight one, has dimension 14 and defines 
an (isogeny class of) abelian variety Ac of dimension 7 on which the action of the field K is of 
type (1,6): 

Vy2 = H\AcM), dimAc; = 7. 

Since we can also carry out the half twist over Z, that is we can define (Vz)i/2 by the same 
formula as for V1/2, we can in fact define an abelian variety Ac (with H^{Ac-, Z) = (Vz)i/2 and 
polarization induced by the polarization ifj on Vz via E{y,w) := ifjiy^iw)). We can of course 
recover Vz from H^{Ac-, Z). This abelian variety is in fact Kondo's abelian variety. 

Since ¥1/2 C H^{Z^,Q), Kondo's abelian variety is isogeneous to a subvariety of the inter- 
mediate jacobian of the quartic threefold Z3. It is well-known that 

H\Zc. C) = H^^\Zc) ® H''\Zc), and h^'\Zc) = 30. 

In particular, the intermediate Jacobian Jc of Zc is a (principally polarized) abelian variety. 
Lemma ^.1(J| implies that 

Jc ~ J{Cf xAlxA]^ 

since now V = Q(— 1)^ C NSo(Y2)q is a trivial Hodge structure. Here Ak is an elliptic curve 
with CM by K. 
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4.3. Quintic surfaces. Since d is prime we have V = ifg (y^, Q). Theorem p.6| imphes that 
V has a half twist if and only if = 5g + 2 or A; = 5g + 3. In the last case h!^~^''^ = 1, but if 
k = 5q + 2 then: 

ht^'^Yk) = h' (^(5(g + 1) - (5g + 2) - 2)) = (Op.+i(l)) = k + 2 

and the eigenspaces have dimensions (cf. Lemma p.4| ): 

h'o-''\l) = = A; + 1, /i^«'^(2) = /i°(Op.(0)) = 1. 

We restrict our attention to a quintic surface Y2, a 5:1 cover of branched along a plane 
quintic. Then Vi/2(— 1) C H^{Z^, Q), but since H^''^{Z^) 7^ we cannot expect to see V112 easily. 
However, the folowing geometric construction seems to induce the inclusion V = Hq(Y2, Q) C 
Vy2®H\AK). 

Consider a general line I in P^. Its inverse image under the cover Y2 — > P^ is isomorphic to a 
plane curve C = Ci defined by an equation of type = /5(x) from some quintic polynomial /s G 
C[a;]. The moduli space of such curves is 2-dimensional. We can decompose the cohomology of 
C with respect to the automorphism of order 5 (cf. |2.4| ) and obtain: 

h^'\C){l) = 3, h^'\C){2) = 2, h^'\C){3) = 1, h^'\C){4) = 0. 

The moduli space of abelian 6-folds with this type of automorphism, let's call it Ai, also 
has dimension 2 (since the space of invariants for the automorphism in S'^H^'^{C) is also 
2-dimensional, see also ||^ for this example). In A4 we have curves parametrizing abelian 
varieties isogeneous to products A2 x A4 where A2 is the jacobian of C2 : y"^ = — 1 (and 
/i^'°(C2)(l) = /i^'°(C2)(2) = 1, the other /ii'°(i)'s being zero) and A4 is an abehan 4-fold with 
automorphism of order 5 with eigenvalues (, (, C^, on H^'^IA^). In particular, we can take 
Ak = A2. 

We have a rational map 

(p2)* — i^jac{Ci). 
The inverse image Z of a curve in A4 as above carries a family of curves C which maps onto Y2: 

C — > Y2 Ci = Ci ^ Y2 

i i 
Z {1} 

The Jacobians of the C;'s have a constant factor A2 and one expects that the pull-back of V 
lies in H\A2, Q) ® H\Z, Q) and that V1/2 C H^{Z, Q). 

4.4. Sextic surfaces. The surface Y2 is a 6:1 cover of P^ branched along a plane sextic curve. 
The action of the automorphism 02 splits the 105-dimensional primitive cohomology in 3 sub- 
spaces: 

H^iY2, Q) = ^6 © ^3 © V2, V := Ve, 
where the eigenvalues of al on the Vi are primitive i-th roots of unity and, by definition, V = Vq. 
From Proposition ^ we see that V has a half twist. From the formulae from section |^ it follows 
that 

dim\/ = 42, dimV^^'O = /i2'0(yfc)(l) = 6, 
dimF^'i = h^'\Yk){l) + h^'\Yk){5) = 15 + 15 = 30. 
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Moreover, in this case V2, which has CM by the field of cube roots of unity, also has a half 
twist: 

dim 1^2 = 42, dim\/2^'° = h^'\Yk){2) = 3, 
dimV^'^ = h^'\Yk){2) + h^'\Yk){A) = 18 + 18 = 36. 
We do not know a geometrical interpretation for the half twists of V2 and V3. 

4.5. Septic surfaces. Since 7 is a prime number, V = Hq{Y2, Q). The main problem here is 
to find a correspondance which induces the inclusion > -ft'- 1/2- In this case we can 
take K_i/2 = H^{C, Q) where C : y'^ = x'' — 1 {( E K acts on the curve via {x, y) 1— >• (x, Cu))- 
Since V1/2 has weight one it may be identified with a Hodge substructure of the of some 
curve C . Of course, we also have Vi/2(— 1) C H^{Z^, Q) but it seems difficult to describe this 
Hodge substructure geometrically (via an abel-jacobi map). 

The Hodge conjecture predicts the existence of a cycle on 1^2 x (C* x C') which induces an 
inclusion HliY^, Q) ^ H\C, Q) ® H\C', Q). 



5. Kuga-Satake correspondances 

5.1. Kuga-Satake varieties: general. For a polarized Hodge structure V of weight 2 with 
dimV^'^ = 1 Kuga and Satake defined an abelian variety JRsiy) with the property that 

V^H\jKs{V),Cir'- 



Voisin observed that if V is of CM- type for an imaginary quadratic field K, then J^s has 
abelian subvarieties of dimension 1 and n, where dimq V = 2n. More precisely (cf. [^]), there 
is an inclusion of Hodge structures: 

For such a Hodge structure V the inclusion of V into Jxs'(V^), Q)*^^ is now simply a conse- 
quence of Propositon L6 which gives an inclusion: 

V Vy2 ® (C H\Jks{V), Q) ® H\Jks{V), Q)). 

In case V C Q)(A; — 1), a basic problem in Hodge theory is to find a cycle, a Kuga- 

Satake correspondance, on the product of Y and JKsiVY which induces this inclusion of 
Hodge structures. The existence of such a cycle is predicted by the Hodge conjecture. The 
following theorem shows that such a cycle exists for example in the case where V is the primitive 
cohomology of a cubic fourfold Y = Y^; the case of a quartic surface Y2 was already considered 
ini. 

5.2. Theorem. In the cases d = 3, k = A and d = 4, k = 2, there is a cycle U on the product 
of Yk and Yk x Yi x Ak such that the map 

[U] : H\Yk, Q) H'+\Y, x Y,, Q) ® H\Ak, Q) (c H'+^{Yk x Y, x Aj,, Q)) 

induces 

V ^ V{-1) C V^/2{-l) ® K_^/2 C H'^^^Yk x F^, Q) ® H\Ak, Q) 

where V C H^{Yk, Q) is as in 

In particular, f/ is a Kuga-Satake correspondance. 
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Proof. In these cases the Hodge substructure V C H^{Yk, Q) has level two and, after a Tate 
twist in case = 4, we have dimy^'" = 1. Moreover V" is a vector space over K. 

Let 7 be the automorphism of the Fermat curve Yi which appears in the proof of Lemma p.2[ 
If d = 3, 4 then yi/7 = Ak where Ak is an elliptic curve with CM by K, i.e., H^{Ak, Q) = 
K_ii2. So if / : Fi ^ Ak is the quotient map then f*H^{AK, Q) = H\Yi, Q)^. Let fij be the 
composition of 1 (8> /* and the projection onto the space of /5-invariants: 

/i; : H'^iVk, Q) ® H\Ak, Q) — {H\Yk, Q) ® H\Y,, Q))<^> =Wc H\Y,, Q) ® H\Y,, Q). 

Then is mapped onto Vl/2(— 1) and /i/ is induced by a correspondance. 

Now consider the map: 

H'^iYk) ® K_i/2 ® ® C Q) ® H\Yi, Q) ® i^_i/2. 

It maps V ®K^i/2^K_i/2 onto Vi/2(— 1) (8>-ft'-i/2- We define a Hodge substructure of H^iYk) ® 
K_i/2 K_i/2 by: 

S := {w eV® K^i/2 ® ^^-1/2 : {a ( l)w = w, ( ()w = w}. 

Obviously we have S C Vi/2(— 1) ® -^-1/2 and therefore /i/ embeds 5" into W -^'-1/2- Since 
the (C ® C)-invariant subspace of -ft'_i/2 <S> K_i/2 is 1), a trivial Hodge structure of weight 
2 and rank 2, we have that S C V(— 1)®^. For dimension reasons it follows that S = V{—1) 
and thus (yU/ ® = V^(— 1). Since the Hodge substructure K{—1) C i^-i/2 ® -^-1/2 — 

iJ^(Ai^) (g) is trivial there is an algebraic cycle F C Ffe x (Y^ x Aj^) such that [F] : 

H^Yk) — > H''+\Yk X Aj^) induces the (twisted) isomorphism V S ^ V{-1). 

The desired correspondance is the composition of F and /ij® 1. On cohomology and restricted 
to y C H^{YkM) one has: 

V ^V® K^i/2 ® Vi-1) (C H''''\Yk X Fi) ® //^(Aa')). 

□ 

5.3. Corollary. In the cases d = 3, k = 4 and d = 4, k = 2, there is a cycle Uz on the product 
of Yfc and ^fc+i x such that the map 

[Uz] : H\Yk, Q) H''^\Zk+u Q) ® Q) (c x A^, Q)) 

induces 

V ^ Vi-1) C l^i/2(-l) ® ^^--1/2 C H''+\Zk+,, Q) ® Q) 

where C H^{Yk, Q) is as in |]T]. 

In particular, f/^ is a Kuga-Satake correspondance. 

Proof. In the cases under consideration, HQ^^{Zk^i, Q) is a Hodge structure of level one (so, 
after a Tate twist, it is of weight one). Thus the intermediate jacobian of ^fc+i is an abelian 
variety and Vi/2(— 1) defines an abelian subvariety. 

The work of Shioda (|12[ Theorem II) provides a correspondance (a blow up of Yfc x ^1) which 
induces a map (as in Proposition p.5| ) 

/i : H\Yu) ® H\Y{) H^^\Z^^^, Q). 
This map embeds the subspace (H^{Yk) ® H\Yi)Y into H''+\Zk+i, Q). 
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The composition of [U] in the previous theorem and /i 1 is a correspondance [Uz] as 
required. □ 

5.4. Remark. The cohomology of a cubic fourfold Y with equation xl+xl = G{xo, ■ ■ ■ , x^) was 
considered by Voisin |T^, she shows that a Kuga-Satake correspondance exists using the variety 



of hues on the cubic threefold defined by xf = G{xq, . . . ,X3). Our result is a generalization 
of hers. See also for Kuga-Satake varieties of weight two Hodge structures on which an 
imaginary quadratic field acts. 

6. Cubic fourfolds and the geometry of cubic cyclic covers. 

6.1. We again consider a cubic 4-fold Y4 C with equation xl = F^^xq, . . . 5X4) where 
F = defines a smooth cubic 3-fold in P^. We already obtained an interesting result on the 
cohomology of Y4 in Theorem and Corollary 



The Hodge numbers of Y4 are: 

h^'^Y^) = 0, h^'\Yi) = 1, hl'^Y^) = 20. 

The Hodge structure V := Hq{Y4, Q)(1) has weight 2 and h"^'^ = 1. We can define a half twist 
of 

V := H^{Y,, Q)(l), Vy2 := H^{Y,, Q)(l)i/2. 
Thus Vi/2 is a 22-dimensional polarized weight 1 Hodge structure of CM-type with field K. Let 
J(yi/2) be an abehan variety such that 

Vy2 = H\j{Vi/2), CD- 
Note that dim J(\/i/2) = 11 and that K C EndQ^J {V1/2)). 

The middle cohomology of the cubic 5-fold Z5 has level 1, that is, the intermediate Jacobian 
of Z5 is an abelian variety. By |3]^, |3.5| and |3.7| the 21-dimensional intermediate jacobian J{Z^) 



of the cubic five-fold Z5 is isogeneous to 2 copies of the 5-dimensional intermediate Jacobian 
J{X^) of the cubic 3-fold X3 and one copy of J(V^i/2): 

J{Z,) ~ J{X^f X J{Vr/2). 

6.2. Lemma. The eigenvalues of x G -ft' on the tangent space to J(Vl/2) at the origin are x 
with multiplicity 1 and x with multiplicity 10. 

10 3 1 2 2 

Proof. By definition, we have V-^j2 = Hq (14,0)+ © Hq (14,0)- on which x E K acts via 
diagonal matrices diag{a{x),a{x)). Since V"^'° is the dual of the tangent space to the origin, 
the lemma follows if we choose the right embedding K G C □ 

6.3. Ball quotients. The moduli space of Hodge structures of weight one and of type (1,10) 
for the field K is the 10-ball. Also cubic threefolds depend on 10 moduli. By Lemma |7.4| below, 
a general cubic threefold is sent to a general abelian variety in this 10- dimensional family 
which is simple, and, in particular, it is not (directly) related to the 5-dimensional intermediate 
jacobian of the cubic 3-fold. 

In this context one needs to work with Z-Hodge structures. One can take if^(J(Vi/2, Z)) = 
ifQ(F4,Z), and the polarization E on iJ^( J(Vi/2, Z)) is determined by the polarization Q on 
Hq{Y/^, Z), which was determined by Hassett p] following work of Beauville and Donagi 0, and 
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the action of the order three automorphism of I4 on the polarized Hodge structure H^{Y4, Z). 
Unfortunately, this action (i.e. its conjugacy class in 0{Q){Z)) is not known. 

Independently, Allcock, Carlson and Toledo have extended their results (private communi- 
cation): they can show that the moduli spaces of cubic threefolds and that of all Del-Pezzo 
surfaces are ball quotients. For cubic threefolds, they show that the moduli space of the Hodge 
structures of if^(y^) is an arithmetic quotient of a 10-ball (if, instead, one uses half-twists as 
above, this is immediate since V1/2 has weight 1) and (using Voisin's Torelli theorem |]13[) that 
the period map X3 \—>- H^{Y4) is injective. The case of Del-Pezzo surfaces of degree 2 is in the 
paper ^ by Carlson and Toledo and is equivalent to Kondo's construction. The aim of Allcock, 
Carlson and Toledo is to use the ball quotients to determine the fundamental groups of the 
corresponding moduli spaces and their monodromy representations. 



6.4. Geometry of cubic cyclic covers. We consider again a cubic fc-fold Y^. As we observed 



before (see |2.5|) , V has a half twist for all k, but its level will be one more than that of V except 
if /c = 3g + 1 in which case it will be one less (cf. |3.8|) . In particular, for any k, there is an 
inclusion 

It is easy to construct a variety B of dimension k — 1 and a dominant rational map B x Ak — »■ 
Yk where Ak is, as before, an elliptic curve with CM by K, i.e., H^{Ak) = K_i/2- We 
cannot prove however that the closure of the graph of this rational map induces an inclusion 
V C H'''^{B, Q) ® H^{Ax). In any case, here is the construction. 

Recall that is the cyclic 3 : 1 cover of P'^ totally branched over a cubic hypersurface 
Xk_i. The main idea is that if Z C P*^ is a line, then its inverse image in P'^ is an elliptic curve 
with an automorphism of order three with three fixed points, so we can take that curve as Ak- 
Considering all lines through a point (which we choose to be on Xk_i), we obtain an isotrivial 
fibration on Yk which we trivialize after a 6:1 base change; the base will be B. 

In terms of formulae we have the following. Choose coordinates on P*^ such that (0:0:...: 
: 1) G Xk and write the equation of Xk-i as: 

Xk-i : Lxl + 2Qxk + R = 0, 

with L, Q, R G C[xo, . . . ,Xk-i] homogeneous of degrees 1, 2, 3 respectively. Then Yk has 
equation 

Yk : x^+i + Lxl + '^Q^k + R = 0. 

Let B be the (singular) sextic subvariety of a P'^"'"^, with coordinates xq, ■ ■ ■ ,Xk-i, Xk+i,y 
defined by 

B: y'^ + L^-LR + Q^) =0, 

and let Ak be the elliptic curve defined by m'^ + f ^ + 1 = 0. Then we have a dominant rational 
map 

BxAk — > Yk, 



^(xq: . . . : :Xfc+i :?/),(«, t;)^ H-^(xo: . . . :Xfc_i :Xfc :Xfc+i) = (xq : . . . ■-Xk-i: 



vy^ - LQ uy 

Z2 • -j; 



2 
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7. TORELLI THEOREMS VIA THE HALF TWIST. 

7.1. Let Xfc_i C P'^ be a hypersurface such that V C i/g (Yfc, Z) allows a half twist. Then we 
can associate to Xk-i two polarized Hodge structures of weight k — 1, one would be its primitive 
cohomology HQ~^{Xk-i, Q) and the other Vi/2- We would like to know if one can recover X^-i 



from Vi/2- We know this is the case for example if k = 2 and c? = 4 by the work of Kondo [|T0 
and if k = 4 and d = 3 by recent work of AUcock, Carlson and Toledo. 

In case we do not only have the polarized Hodge structure V1/2 but we also know the action 
of C = e^'^*/'' on its underlying Z-module (this action comes from the action of a on V, which 
has the same underlying Z-module), we show that V can be recovered from V1/2. In case d 
is prime we thus recover i^Q (1^, Z) which in many case determines Y^- In case d is not prime 
we do not know to what extent V determines H^lYk, Z) and thus, via the Torelli theorems for 
hypersurfaces, the variety Y^. 

7.2. Lemma. Let be a Hodge structure of weight k which allows a half twist V1/2. Then we 
recover V from V1/2 in the following way 

V = (V\/2)-i/2 = {w e Vi/2 ® K_i/2 ■■ {a ® C~^)w = w}. 

Proof. This follows from |r6|(cf. 0). □ 

7.3. Cubics. For the cubic {k — l)-fold Xfc_i, the Hodge structures Vi/2{—l) and W are equal 
because they have the same dimension (see p.7| ). In this case we obtain a result which does not 
require the knowledge of the automorphism of Vi/2- 

7.4. Lemma. Suppose k > 3. The differential of the period map which to X^-i associates 
the polarized Hodge structure W is generically injective. In particular, this period map is 
generically finite. 

Proof. The tangent space to the space of periods for W is the space of compatible (A; — 1)- 
tuples of homomorphisms W^'^ W^~^'^~^^ which preserve the polarization. The space of 
infinitesimal deformations of Xk-i is isomorphic to 

(^(3) 

Given a cubic polynomial G3 (modulo J'), the image of the corresponding deformation in the 
tangent space to the space of periods for W is the {k — l)-tuple of homomorphisms given by 
multiplication by G3 in the description 

/f°(%ti(_A; + 3j9 + 3 



(xk+i + Xk+2) H^{Of^{-k + 3p + 2)) ■ 

To show that the differential is injective, it suffices to show that one such homomorphism is 
non-zero, i.e., there is a p and an element of the above space which is not sent to zero by 
multiplication by G^. Again, as before, it is enough to check this for the Fermat cubic. In 
this case, a basis of the above vector space is given by the square-free monomials of degree 
—k + 3p + 3 in xo, . . . and products Xk+iXk+2M where M is a square-free monomial of 

degree — A; + 3]9 + 1 in xq, . . . Xk-i- An infinitesimal deformation of the Fermat cubic can be 
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uniquely represented by a square-free cubic polynomial Gs in the variables xq, ■ ■ ■ , Xk-i- After 
renaming the variables and possibly dividing G3 by a non-zero constant, we can assume that 

G3 = X0X1X2 + 

where H3 is a square-free cubic polynomial in the variables xo, . . . ,Xk-i where the monomial 
X0X1X2 does not appear. Then, the image of any monomial Xk+iXk+2M where M is a square-free 
monomial in the variables 0:3, . . . , x^-i by multiplication by G3 is non-zero in W^~^~^'^. □ 
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